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Abst ract - -A  power tool for investigation of various problems of ordinary differential equations 
as well as delayed ifferential equations i  a retraction method. The development of this method is 
discussed here in the case of system discrete equations. Corresponding definition of a point of a type 
of strict egress for a given set with respect o the system of discrete quations Au(k) = F(k, u(k)) is 
given. In an example, it is shown that this definition cannot exactly copy the analogous one, known 
from the theory of ordinary differential equations. Conditions for existence of at least one solution 
with graph remaining in a given set are formulated. The proof is based on idea of a retract principle. 
In construction of a retract mapping, the property of continuous dependence of solutions on their 
initial data is used. Illustrative applications are considered too. @ 2001 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
A power tool for investigation of various problems of ordinary differential equations as well as 
delayed ifferential equations i the retraction method (Wa2ewski's method). With the aid of this 
principle, some asymptotic problems were considered, e.g., in the papers [1-3], and boundary- 
value problems in [4,5]. For sources, we refer, e.g., to [6 8]. In this paper we shall give, for the 
case of system discrete equations, a construction which uses the idea of the retraction princi- 
ple known from the theory of ordinary differential equations. Although this theory is outlined 
according to the classical scheme, nevertheless we pay attention to some difference which led 
to the modification of the definition of points of strict egress. Obtained results can be useful, 
e.g., for investigation of asymptotic behaviour of solutions of discrete quations. Some questions 
concerning asymptotic behaviour of solutions of discrete quations are considered (with the aid 
of various methods) in many recent papers, e.g., in [9-13]. Let us note that the development of
asymptotic theory of discrete equations was influenced by an outstanding scientific activity of 
Popenda (e.g., [14-18]). 
In this paper, we consider the system of discrete quations 
= F(k, (1) 
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with F : N(a)  × N '~ --~ R ~', u = ('ul, . . . ,u,~), Au(k )  - u(k 4- 1) - u(k) where k c N(a)  = 
{a,a + 1, . . .  }, a E N is fixed, and N = {0, 1, . . .  }. 
The existence and uniqueness of solution of initial problem (1),(2) where 
u(a 4- s) = u s C R n, s ¢ N (s is fixed) (2) 
on N(a  + s) is obvious [19, p. 6]. Let us recall that solution u = u(k), k E N(a  + s) of initial 
problem (1),(2) is defined as an infinite sequence of number vectors 
{u(a + s) = u s,u.(a + s + 1),u(a + s + 2) , . . . ,u (a  + s + n) , . . .}  
such ttmt for any k c N(a  + s), equality (1) holds. 
We shall suppose that for all (k, u) E N(a)  × R ~, (k, v) E N(a)  × R '~, 
F IF (k ,u )  - F (k ,v ) [ I  < A(k ) lb  - vii, 
where A(k) is a nonnegative function defined on N(a)  and [[. [] is the used norm. Then the initial 
problem (1),(2) depends continuously on initial data. (See, e.g., [19, p. 222]0 
2. PREL IMINARIES  
Let us define a set fi C N(a)  × R ~ where 
fi = { (k ,u ) :  k E N(a) ,  b~(k) < ui < c.~(k), i = 1 , . . . ,n}  
with b~(k), c~(k), bi(k) < c~(k), i = 1, . . .  ,n  being real functions defined on N(a) .  
Our airn is to establish some sufficient conditions with respect to the right-hand side of sys- 
tem (1) in order to guarantee xistence of at least one solution u = u(k) defined on N(a)  such 
that  (~:, ~(~-)) c ~ rot each k ~ X(a) .  
Let us define auxiliary functions 
B~(A-, ~) _= -~ + b~(k), i=  1, . . . , ,~,  
C. i (~:  , 'U , )  =-  "It. i - -  C i ( [~) ,  i : 1 ,  . . . , 'N , ,  
on N(a)  x R ~ and define auxiliary sets (symbol O. below denotes, as usual, boundary of an 
indicated set) 
n~3 = {(~, ~) : ~: ~ N(~) ,m(~. ,  ~) = o, B~(k,, ,)  < O, CA(~, ~) < O, 
for all j , k  = 1 , . . . ,n ,  mld j  :¢ i}, 
nb : {(k,~4 : ~ ~ N(~),C~(~,,~) : o, Bj(k,~) <_ O, Ck(k,~) < O, 
for all j , k  = 1 , . . . ,n ,  and k ¢ i}, 
for every i = 1 , . . . ,  ~. Then the set ~ can be rewritten in the form 
= {(k ,~) :  ~. c N(~),  B,~(k,, ~) < 0, C~(k, ~) < 0, ~:,j = 1 . . . .  ,} (3) 
and for Of~ we get 
DEFINITION ]. POLYFACIAL SET. The set f~, written by means of functions Bi and C~, i = 
1 . . . .  , n in form (3), is called the polyfacial set. 
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DEFINITION 2. FULL DIFFERENCE OF B~(k,u). The full difference AB i (k ,u )  of the function 
Bi (k ,u)  (where i E {l , . . . , r~})  at a point 5I = M(k ,u )  • fYB with respect to the discrete 
s.vstem (1) and the set f~ is, by definition, computed as 
AB/(k,~z)tAt : ( -&a i  + Abi(k))lM : -- Au{l~ ~ + Abi(tc)la~ : -F i (M)  + b.i(k + I) - bi(k). 
DEFINITION 3. STRICT EGRESS TYPE POINT. The point M • fYB (where i • {1 . . . .  ,~z}) is 
called the point of the t~ipe of strict egress for the set Q uqth respect o the discrete system (1) if 
ABi(k ,u) l ,  M > O. 
By analogy, the following notions are defined. 
DEFINITION 4. FULL DIFFERENCE OF Ci(k,u). The full difference ACi(k:,u) of the function 
C.~(k,u) (where i E {1,... ,Tz}) at a point i~l = 21l(k,u) • f~, with respect to the discrete 
s3~stem (1) and the set ~I is, by definition, computed as 
mxc, (k ,u ) l~ ,  = (zXa~ - ~x~(k) ) lM  = LX,**IM - ~Xc,:(k)l,~ = ~, (M)  - c~(k + 1) + e, (k) .  
DEFINITION 5. STRICT EGRESS TYPE POINT. The point ~f E fi~c: where i • {1, . .  ,,z} is called 
the point of the t~.Ipe of strict egress for the set f~ with respect o the discrete system (1) if 
Lxc,(a,,u)l~¢ > 0. 
The following two lemmas are obvious. 
LEMMA 1. "Fhe point M 21I ( k, ~) e ~}3 where i • {1, . . . ,  'n.} is the point of the type of strict 
egress tbr the set f~ with respect to the discrete system (1) it" and only if 
F i (M) < bi(k + 1) - b~(k). 
LEMMA 2. The point M = M(k', u) C f~}:, where i E {1,...,'~t} is the point of the type of strict 
egress for the set f~ with respect to the discrete systeln (1) if and only if 
F~(;~f)  > c{(k  + i) - <(k ) .  
DEFINITION 6. REGULAR POLYFACIAL SET. The polyfacial set f~ is called the regular polgfacial 
set with respect to the discrete system (1) if 
/~(~,  u) < b,~(~: + l )  - b~(~), 
for eve, W i = 1,. ,7~ and every (k, u) E ~Q)~ and 
Fi(k, ~) > ei(k + 1) - c,~(k), 
tbr evei:y i = 1,. .  ,'~ and every (k, u) G f~}:. 
At the end, let us recall the notion of a retraction and a retract (see, e.g., [7, p. 97]). 
DEFINITION 7. If  A C t3 are any two sets of a topological space and re : B ---* A is a continuous 
mapping from t3 onto A such that rr(p) = p tbr every t) • A, then re is said to be a retraction 
ot'B onto A. When there exists a retraction of B onto A, A is called a retract of B. 
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3. MAIN  RESULT  
The following theorem will be proved by the method of retract. The case, considered below, 
when all points of the set 0f~ are the points of the type of strict egress for the set ft with respect 
to the discrete system (1), is sometimes in similar situation in investigations devoted to ordinary 
differential equations termed anti-Liapunov case. 
THEOREM 1. MAIN RESULT. Let bi(k), ci(k), bi(k) < ci(k), i = 1 , . . . ,n  be real functions 
defined on N(a);  F :  N(a)  x R ~ -~ R ~ and for ali (k, u) E N(a)  x R ~ and (k, v) E N(a)  x R '~ 
llF(k, ~) - r (k ,  ~)ll <- a(k)ll~ - ~11, 
where .~( k ) is a nonnegative function defined on N (a). If, moreover, the polyfacial set f~ is regular 
with respect to the discrete system (1), i.e., 
F i (k,u)  < bi(k + 1) - bi(k), (4) 
fbr eveiy i = 1 , . . . ,  n and every (k, u) E f~)~ and 
Fi(k ,u)  > ci(k + 1) - ci(k), (5) 
for every i = 1 , . . . ,  n and every (k, u) E f~ic, then there exists an initial problem 
u(~) = ~*, (6) 
. . ,  n such that the corresponding solution u = u* (k) of system (1) with ~ ~ (b~(a), e~(a)), i = 1, 
satish'es the inequalities 
b~(k) < u~(k) < c~(k), (7) 
for every k ~ N(a)  and i = 1 , . . . ,n .  
PROOF. Let us define, for a fixed k E N(a),  the following sets: 
~;~(k) = {(u): B~(k,~) = O, B~(k,~) _< O, Ck(k, u) _< O, for all j ,k = 1, . . .  ,~, and j ¢ i}, 
i = 1 , . . . ,n ,  
f~b(k) = {(u) : C,:(k,u) = O, B j (k ,u )  <_ O, Ck(k,u)  <_ O, for a l l j ,  k = 1 , . . . ,n ,  and k ¢; i}, 
i = l , . . . ,~ . ,  
~(k) = {(~): B~(k,~) < 0, Cj(k,~) < 0, i , j  = 1, . . .  ,~}, 
and 
~(k) = {(u): Balk, u) _< 0, c j(~, u) _< 0, i , j  = L . . .  ,n} = ~(k) u o~(k). 
Let us suppose that initial problem (6), generating solution u = u*(k) of system (1) satisfying 
inequalities (7), does not exist. This means, in other words, that for any value u* such that  
bi(a) < u~ < ci(a), i = 1 , . . . ,n ,  
there is an integer k* E N(a  + 1) such that for corresponding solution u = u*(k), u*(a) = u*, we 
have (k*, u*(k*)) ¢ ~ and, moreover, 
(a+l ,u* (a+l ) )E f t ,  l=0 ,1 , . . . , k* -a -1 .  
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Since, in view of inequalities (4),(5) and Lemmas 1, 2, each point (k, u) ~ 0f~ is a point of the 
type of strict egress for the set ft with respect to the discrete system (1), we can, moreover, 
conclude the following: for any u ° such that 
O < cda) ,  i = l ,  . ,n ,  bi(a) < u i _ .. 
there is an integer k ° c N(a  + 1) such that  for the corresponding solution 'u = u°(k), ~°(a) = u °., 
we have (k °, u°(k°)) ~ ~ and 
(a+l ,u° (a+l ) )  E~,  l=0 ,1  . . . . .  k° -a -1 .  
Obviously, if u ° E Oft(a), the value k ° = a+ 1. In this situation, we prove that  there is a retract ion 
of the set ~(a)  onto the set Oft(a). (See Definition 7 if B - ~(a)  and A ~ Of~(a).) In other 
words, in this situation, a continuous mapping of a closed n-dimensional ball onto its boundary, 
for which boundary  points are stat ionary points, will exist. This will lead to a contradiction, 
since the boundary of an n-dimensional ball cannot be its retract (see, e.g., [20]). 
In the following part; of the proof, the desired retraction is constructed. Let us define map-  
pings Pt and P2 of a point M1 -= (a, u °) with u ° E ~(a) ,  
P~: M~ - (a,~ °) ~ ~h - (k°,~ ° (k°)) ~ ~ (k°), 
where the value k ° was defined above; 
P2:  M,  - (a ,u  °) ~ M3 - (k°,'5 °) E ~ (k°) ,  
where 
c~ (k °) -b i (k  °) -o = b~ (k °) + • (~ -b~(a)) .  
~ ~(~)  - b~(a) 
These mappings are continuous and their values lay in the plane {(k °, u) : u ~ R~}. Let us 
connect resulting points Me and ~13 by a part of a straight line, lying in this plane, namely, 
segment 
z= {(k°,,~)} 
with 
~=~o (ko) +t (~o_~o (ko)), t ~ [o, 11. (8) 
Since the set~(k  °) is convex (as a closed rectangle), there exists (in view" of (4),(5)) only one 
intersection point 
~h;  (k°,~ *) = lnoa(k°) .  
Let us define mapping P3 
/23 : (A'/2,2~I3) ~ A'[4. 
Due to l inearity of (811, the mapping Pa is continuous. At tile end, let as define continuous 
mapping 
P4 : ~ir4 ~ 2~ir5 --= (a,u**) 
with u** C Of~(a) given by formula 
The composite mapping 
** = b~(a) + U i 
c~(a)  - b i (a )  
ci (k °) - b,: (k °) 
.(~;-b~(k°)). 
P -- [P4 o P3 (P~, &) ]  : M~ ~ M~, 
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where AI1 = (a,u °) E ~, u ° E -~(a), -~/I5 - -  (a,u**) E cgR, u** E OR(a), is continuous ince 
mappings P~-P4 are continuous (mapping P3 is a continuous function of mappings P1 and P2). 
As the first coordinates of the transformed point M1 and of the resulting point M5 are always 
equal to the value a, define (obviously continuous) mapping P* as the corresponding mapping of 
second coordinate of the point M1. So, continuous mapping 
~(a) ~ oR(a) 
exists. Except for this, it is easy to see that in view of construction of mapping P* points of 
0~(a)  remain fixed; i.e., 
u ° ~ a~(a)  e*~ u ° c 0R(a). 
This means that a retraction of ~(a)  onto OR(a), realized by P*, was constructed. As it was 
noted above, this fact leads to a contradiction. The theorem is proved. 
Theorem 1 can be generalized in the following way. As it easily follows from its proof, the 
assumptions with respect o the function F were used only for points (k, u) E N(a) × R although 
they were supposed to be valid on N(a) × R ~. Therefore, we reformulate this theorem. Its proof 
is, in view of this fact, omitted. 
THEOREM 2. Let bi(k), c,(k), bi(k) < ci(k), i = 1 , . . . ,n  be real functions defined on N(a); 
F :  N(a) × ~ -~ R '~ and tbr all (k, u) C N(a) × ~ and (k, v) ~ N(a)  × 
IIF(A', ~)  - F (k ,  ~')11 <- ),(k) I1,~ - , ,1[ ,  
where A(k) is a nonnegative function defined on N(a). Ii~ moreover, the polyfacial set R is regular 
with respect o the discrete system (i), then there exists an initial problem 
( )  * 
witfi u~ c (bi(a),c~(a)), i = 1 , . . . ,n  such that the corresponding solution u = u*(k) of the 
discrete system (1) satisfies the inequalities 
t,~(k) < **~(k) < <(k), 
for every k E N(a) and i = 1 , . . . ,n .  
4. ASYMPTOTIC  BEHAVIOUR OF  A PART ICULAR 
SOLUTION OF  A L INEAR D ISCRETE SYSTEM 
The goal of our investigation here will be to establish an asymptotic fornmla for behaviour of 
a particular solution of a linear nonhomogeneous discrete system of equations. Suppose that  the 
considered system has the form 
Av,(k) = A(k)u(k) + g(k), k E N(a), (9) 
where A(k) = (a~j(k))<O= ~ is n x n matrix, a, o : N(a) -~ R, i , j  = 1 , . . . ,n ,  and g(k) = 
(g~(a:),..., g,,(k)), g:  x(~) --, R '~. 
In the sequel, we shall suppose det A(k) ~ 0 for every k E N(a). Let us define a vector 
~(k) = -A-~(k).q(k),  ~" ~ N(a),  
where A -~ (k) is inverse matrix with respect to the matrix A(k). At the end, we define vector 
f (k)  = ( f l (k ) , . . . , Lz (k ) )where  k ~N(a)  and 
al l(k) -.. al , /_,(k) 
1 a21(k) - "  a2,i- l(k) 
f , (k )  = detA(k)  . . . . . . . . .  
anl(k) "'" an, i - l (k)  
A~I(~) al,i+l(k) 
Awz(k) a2,i+l(k) 
Aw~(k) a.,~,i+l(k) 
• "" aln(k) 
• . -  a2~(k) 
• - .  a~(k) 
i.e., in other words, vector f is for every k E N(a) a unique solution of system of equations 
a(k) f (k)  = A~(k).  ( lO)  
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6. COMPARISON (CONTINUOUS VERSUS DISCRETE) 
Let us consider a system of ordinary differential equations (ODEs) 
y' = f (x ,  y) (27) 
with continuous and locally Lipschitz vector-function f : [a, oc) x R n ~ R ~' and with y = 
(Yl . . . .  , y~). Define a set ft °DE c [a, oo) x R ~ as 
t2 °DE = {(x,y) :x  • [a, oc), p i (x ,y )  < O, i = 1 , . . . ,q}  
where q is a positive integer and P,i : [a, oo) x R n ~ R (i = 1, . . . ,  q) is a continuously differentiable 
function. Then 
q 
0~ODE = U ~ODE,i 
i=1 
with 
a °DE,~ = {(x,y) : • • [a, oo), p~(~, y) = 0, pj(x, y) _< 0, j = 1, . . .  ,q, j ¢ i}. 
In the theory of ODEs, there are often used the notions of a point of egress and a point of 
strict egress of the set f~ODE with respect to the system of ODEs (27). For the corresponding 
definitions of these notions, we refer, e.g., to the books [6,7]. It can be proved easily that  a point 
(x*,y*) • 0~ °DE is a point of a strict egress if the full derivative of function p~(x, y) (where 
index i is taken with correspondence to condition (x*, y*) • f~ODE,i C 0f~ °DE) with respect to 
system (27) is at this point positive, i.e., if 
dp~(x, y) (x.,r) - Opt(x, y) (x.,~.) + ~ Opt(x, y) .  fj (x, y) > o. (28) 
dx Ox j=l  (Oyj (x*,y*) 
This assumption ensures (except others) the existence of a retraction in corresponding investiga- 
tions in theory of ODEs which uses topological method of Wa~ewski. In this case, the set ft °DE 
is a partial case of a regular polyfacial set for system of ODEs (27). 
In this paper, the set f~ was not defined in full analogy with respect to the set ft °DE. Used 
functions of the type Bi (k ,  u), Ci(k,  u), i = 1 , . . . ,  n are not of general form as functions p,i(x, y), 
i = 1 , . . . ,  s used in the definition of ft °DE. Using the full analogy will lead (in some cases) to 
nonexistence of a retraction. This can be remarked by analyzing the construction of retraction 
(composite mapping) P* in the proof of Theorem 1. Let us give a corresponding example. 
EXAMPLE 5. Let us consider a scalar discrete equation 
Au(k) =k,  k•N(a) ,  a>2.  (29) 
Let us define (in the full accordance with the definition of the set n °DE if n = 1) the set 
= {(k, ~): k • N(a), P(k, ~) < 0} 
with P(k ,  u) = (u - 4) 2 - 1, i.e., define a "strip" 
f~ = {(k ,u ) :  k • N(a) ,  3 < u < 5}. 
Then, 
aft = {(k,u) : k E N(a) ,  (u -  3) (u -  5) = 0}. 
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Let us compute the flfll difference AP(k, u) of the function P(k,u) at a point M ~ 5f~ with 
respect to the discrete equation (29) and the Set ft. Direct computat ion (in accordance with 
Definitions 2, 4) gives 
= ( 'u (k  + 1) - u (k ) ) lM  • (u (k  + 1) + u(k)  - 8)1~: r 
= k (~(k  + 1) - ,~(k )  + 2~(k)  - S) lM 
{k(k+2) ,  i fu (k )=5,  
= k (k + 2~(k)  - S)l.~, = k (k  - 2), if , . (k )  = 3. 
Consequently, AP(k,u)IM > 0 for every k ~ N(a). Nevertheless, no solution of equation (29) 
lies in the "strip" f~ for every k E N(a). Indeed, if such solution 'u = u(k) exists, then Au(k)  = 
u(k + 1) - u(k) < 2 and Au(k)  = ~z(k + 1) - u(k) > -2 ;  i.e., 
IA~*(k,)l < 2, for every k C X(~).  
This obviously contradicts (29). 
Let us consider, for the fullness of comparison, one of ordinary differential equation correspond- 
ing to discrete equation (29), namely, the equation 
v ' (x )  = ~x,  . e [2, 0o) (30) 
with a fiXed positive constant c. Let us define (if n = 1) 
~o~ = {(x ,v )  : :~ c [2 ,0o) ,  >( :~,  v) < 0},  
where  p l (x ,  y)  - (y  - 4) 2 - 1 and  
0 f tODE = ~-~ODE,1 ~_ {(2L',y) : ~' E [2, OO), (lJ -- 3 ) (y  -- 5) ~- 0}.  
Then, in a point (x*, y*) E ftODE,1 the computing of the full derivative (at the left-hand side 
of (28)) of the function pl(X,  ~/) with respect to the equation (30) gives 
()Pl (x, y) Y) (x" dp l (x 'Y )  - Op l (x 'Y )  q- - - . A ( : c ,  
dx (x* ,y* ) Ox (x* ,y* ) Dy 
{ 2sx, if y = 5. = 2s(y 4)x = 
-2sx ,  if y=3.  
,y* ) 
This full derivative changes its sign. This means that the set ~,~ODE cannot be nsed as a regular 
polyfacial set for equation (30). 
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